We construct a basis of the space S 14 (Sp 12 (Z)) of Siegel cusp forms of degree 6 and weight 14 consisting of harmonic theta series. One of these functions has vanishing order 2 at the boundary which implies that the Kodaira dimension of A 6 is non-negative.
Siegel modular forms
In this section we recall some results on Siegel modular forms from [F3] , [T] , [B] , [I] and [K] .
Let E ∈ M n (C) be the identity matrix and Ω = Let f be a Siegel modular form of degree n and weight k. Then f has a Fourier expansion of the form f (Z) =
T ∈Mn(Z) T ≥0 and even a(T )e πi tr (T Z) with Fourier coefficients a(T ) ∈ C satisfying a(U T T U ) = det(U ) k a (T ) for all U ∈ GL n (Z). The function f is called a cusp form if the vanishing order m(f ) = min T ∈Mn(Z) T ≥0 and even a(T ) =0 m (T ) of f at ∞ is positive, i.e. the Fourier expansion of f is supported only on positive definite matrices. We denote the space of Siegel modular forms of degree n and weight k by M k (Sp 2n (Z)) and the subspace of cusp forms by S k (Sp 2n (Z)). Taïbi determined the dimensions of these spaces using Arthur's trace formula [T] .
An important class of Siegel modular forms is given by harmonic theta series. Let V be a euclidean vector space of dimension m with scalar product ( , ) and L ⊂ V an even unimodular lattice of rank m. Choose h = (h 1 , . . . , h n ) ∈ V n C with V C = V ⊗ R C such that Q(h) = Q((h, h)) = ((h i , h j )) = 0 and Q(h, h) = ((h i , h j )) > 0 .
For a positive integer k define θ L,h,k (Z) = x∈L n det(Q(x, h)) k e πi tr(Q(x)Z) .
Then θ L,h,k is a Siegel cusp form of degree n and weight m/2 + k. The Fourier expansion of
Note that the number of summands in a(T ) can be very large. Böcherer [B] showed Proposition 2.1 Let n, m and k be positive integers with 8|m and m/2 > 2n. Then every Siegel cusp form of degree n and weight m/2 + k is a linear combination of harmonic Siegel theta series of the form θ L,h,k where L is an even unimodular lattice of rank m.
Another construction of Siegel cusp forms is the Ikeda lift [I] . Let k and n be two positive integers such that k = n mod 2 and f ∈ S 2k (SL 2 (Z)) a normalized Hecke eigenform. Then the Ikeda lift F of f is a Siegel cusp form of degree 2n and weight k + n such that the standard zeta
Kohnen [K] gave a linear version of the Ikeda lift which can be described as follows.
Theorem 2.2
Let f ∈ S 2k (SL 2 (Z)) be a normalized Hecke eigenform and
a Hecke eigenform corresponding to f under the Shimura correspondence. For a positive definite even matrix T of size 2n write (−1)
T where D T is a fundamental discriminant and d T a positive integer. Then the Ikeda lift F ∈ S k+n (Sp 4n (Z)) of f is given by
3 Fourier coefficients of harmonic theta series
In this section we rewrite the formula for the Fourier coefficients of a harmonic theta series as a sum over a double coset and give a recursive construction of the coset representatives.
Let θ L,h,k be a harmonic Siegel theta series as described in the last section. Then the Fourier coefficient a(T ) of θ L,h,k at a positive definite, symmetric matrix T ∈ M n (Z) is given by
The group O(L) acts on Γ T from the left by acting on each of its components.
and we can write
More generally we have the following result.
The inner sum is constant on the double cosets H\Γ T / O(T ) so that
This formula allows to calculate the Fourier coefficients of harmonic theta series in many interesting cases.
A set of representatives R for H\Γ T / O(T ) can be constructed as follows. Let T m be the upper left m×m-submatrix of T and
Lemma 3.2 Let 2 ≤ m ≤ n and S m−1 be a set of representatives for H\Γ We put Γ
For 2 ≤ j ≤ n we construct recursively
Two elements x, y ∈ S are equivalent modulo O(T ) if and only if there is an element ε ∈ O(T ) such that σ xε xε ∈ Hy.
By means of Lemma 3.2 and 3.3 we can now easily construct a set R of double coset representatives for H\Γ T 
A basis of S 1(Sp 12 (Z))
In this section we construct nine harmonic theta series of degree 6 and weight 14 associated with Niemeier lattices. We show that they are linearly independent by computing sufficiently many Fourier coefficients using the results from the previous section. It follows that these functions form a basis of S 14 (Sp 12 (Z)). We refer to [CS] for the results on Niemeier lattices that we use.
The simplest example of a cusp form of degree 6 and weight 14 is the Ikeda lift F of the unique normalised cusp form f = E 10 ∆ ∈ S 22 (SL 2 (Z)). The function f corresponds to the cusp form
under the Shimura correspondence. The Fourier coefficients of F can be determined with the formula in Theorem 2.2. We list a few of them below.
More coefficients are given in Theorem 4.2. They will provide a consistency check of our result on the Fourier coefficients of the harmonic theta series that we consider.
One of the basis elements will be a harmonic theta series for the Leech lattice. We describe its construction in detail.
Let G be the binary Golay code, i.e. the linear subspace of F 24 2 spanned by the rows of 
We equip V = R 24 with the scalar product (x, y) = 
is in S 14 (Sp 12 (Z)).
We explain the choice of h. The automorphism group of the Golay code is the Mathieu group in Aut(G) is isomorphic to M 12 . Let e j = (0, . . . , 0, 1, 0, . . . , 0) ∈ V with 1 at the j-th position and U the span of the e j , j ∈ supp(c). Then the only element in Aut(G) c acting trivially on U is the identity because M 12 is simple. The permutation τ = (1, 9)(2, 12)(3, 7)(4, 24)(5, 21)(6, 18)(8, 19)(10, 16)(11, 17)(13, 20)(14, 23)(15, 22). has cycle type 2 12 and is in Aut(G) c . Its centralizer in Aut(G) c is a maximal subgroup of order 240 which we denote by C c,τ . The rows of h are supported on those cycles (i, j) of τ for which c i and hence also c j is equal to 1, i.e. on the cycles (1, 9), (4, 24), (5, 21), (8, 19), (10, 16), (13, 20) .
Since the elements of Aut(G) are permutations of coordinates this group embeds naturally into O(Λ). Furthermore G acts on Λ by sign changes on the support of an element. Recall that O(Λ) h is the subgroup of O(Λ) which preserves the complex span of the rows of h.
Lemma 4.1 The group O(Λ) h has order 30720 and is contained in
Proof: Let ϑ be the element in O(Λ) h corresponding to c. Then the eigenspaces of ϑ are U and U ⊥ . An element σ ∈ O(Λ) h preserves the space generated by the rows h 1 , . . . , h 6 of h and the complex conjugates h 1 , . . . , h 6 hence the spaces U and U ⊥ . Therefore σ commutes with ϑ. Since the centralizer of ϑ in O(Λ) is G Aut(G) c we can write σ = σ 1 σ 2 with σ 1 ∈ G and σ 2 ∈ Aut(G) c . Consider the first row h 1 = ie 1 + e 9 of h. Then σ(h 1 ) = σ 1 (ie σ2(1) + e σ2(9) ) = ±ie σ2(1) ± e σ2(9) where the signs need not be the same. Since σ(h 1 ) is in the space generated by the rows of h we have τ (σ 2 (1)) = σ 2 (9) = σ 2 (τ (1)). A similar argument for the other rows of h implies that the restriction of τ σ 2 to U is equal to the restriction of σ 2 τ to U . It follows that τ σ 2 = σ 2 τ . This shows that O(Λ) h is contained in GC c,τ . Now we can determine O(Λ) h explicitly with a computer and verify the statements in the lemma.
We use the results from the previous section to determine some Fourier coefficients of θ Λ,h,2 . In our computations we have chosen H to be the centralizer of the element ϑ corresponding to c in O(Λ), i.e. H = G Aut(G) c so the index of O(Λ) h in H is 12672.
Similarly we calculate Fourier coefficients of harmonic theta series associated with the Niemeier lattices N (A ). The realizations of these lattices and the choices of h can be found in the appendix. We obtain the following theorem.
Theorem 4.2
The Fourier coefficients of the normalized harmonic theta series and the Ikeda lift F of E 10 ∆ are given by 
4000
−120 0 0 63744000 The last column is a linear combination of the preceding ones. The corresponding coefficients are given in the last row.
Taïbi showed that the dimension of S 14 (Sp 12 (Z)) is 9 ( [T] , Section 5.5., Table 3 ). This implies Theorem 4.3 Any nine of the above functions form a basis of S 14 (Sp 12 (Z)). In particular the nine harmonic theta series span S 14 (Sp 12 (Z)).
Note that Proposition 2.1 does not give the existence of a basis consisting of harmonic theta series.
A lower bound for the Kodaira dimension of A 6
In this section we show that the Kodaira dimension of A 6 is non-negative.
Let X be a complex smooth projective variety of dimension n. For a non-negative integer d the d-th plurigenus P d of X is defined as the dimension of the space of global sections of ω d where ω is the canonical bundle of X, i.e.
k is bounded. We have k(X) ≤ dim(X) and say that X is of general type if k(X) = dim(X). Furthermore k(X) is a birational invariant. The Kodaira dimension of a variety Y is defined as the Kodaira dimension of a smooth projective variety birational to Y .
The quotient A n = Sp 2n (Z)\H n parametrizes the principally polarized complex abelian varieties of dimension n. It has the structure of a normal quasi-projective variety of dimension n(n + 1)/2 and is called the Siegel modular variety of degree n. The Kodaira dimension of A n for n = 6 has been known for more than 30 years. Namely A n is of general type for n ≥ 7 and k(A n ) = −∞ for n ≤ 5.
We can use Siegel modular forms to construct global sections of ω d . Let n ≥ 3. We write
• n is the smooth locus of A n (see [F3] , Hilfssatz III.5.15). Let f be a Siegel modular form of degree n and weight (n + 1)k. Then the transformation property of f implies that
Tai has shown that (cf. [Tai] and [F3] , Satz III.5.24)
Proposition 5.1 Suppose n ≥ 5 and the vanishing order of f at ∞ is at least k. Let A n be a smooth compactification of A n . Then
Let θ Λ,h,2 be the harmonic theta series from the previous section. It is non-zero, has weight 14 and vanishing order 2 at ∞ because the Leech lattice has no elements of norm 2. Hence it defines a non-trivial section of ω 2 A6
by Proposition 5.1. We obtain Theorem 5.2 The Kodaira dimension of A 6 is non-negative. Table 6 in [CT] the space S 7 (Sp 12 (Z)) is trivial which means that the canonical bundle ω A6 has no non-trivial sections. We showed that the bicanonical bundle ω 2 A6 admits a non-trivial section.
According to

Appendix
In Section 4 we constructed a basis of S 14 (Sp 12 (Z)) consisting of harmonic theta series θ N,h,2 . Here we list the realizations of the Niemeier lattices N different from the Leech lattice and the matrices h that we used.
We begin with the Niemeier lattices of type N (A j n ). We denote by G(A n ) the standard Gram matrix of A n .
To define N (A ) is the lattice in V generated by Z 24 and the vectors (v, 2v, v, 6v) , (v, v, 6v, 2v) .
To define N (A ) is the lattice generated by Z 24 and the vectors (v, 0, v, 4v, 4v, v) , (v, v, 4v, 4v, v, 0) , (v, 4v, 4v, v, 0, v) .
3 ) we equip V with inner product given by the Gram matrix
3 ) is the lattice generated by Z 24 and the vectors (v, 3v, v, 2v, v, 0, 0, 0) , (v, v, 2v, v, 0, 0, 0, 3v) , (v, 2v, v, 0, 0, 0, 3v, v) , (v, v, 0, 0, 0, 3v, v, 2v) .
2 ) we equip V with inner product given by the Gram matrix
2 ) is the lattice generated by Z 24 and (v, 0, 0, 0, 0, 0, 0, v, v, v, v, v), (0, v, 0, 0, 0, 0, v, 0, v, 2v, 2v, v), (0, 0, v, 0, 0, 0, v, v, 0, v, 2v, 2v), (0, 0, 0, v, 0, 0, v, 2v, v, 0, v, 2v), (0, 0, 0, 0, v, 0, v, 2v, 2v, v, 0, v), (0, 0, 0, 0, 0, v, v, v, 2v, 2v, v, 0) .
Next we describe our realization of the Niemeier lattices of type N (D j n ). We equip V with the standard inner product. We define the vectors s = (v, c, c, v, c, v), (c, v, v, c, c, v), (c, v, c, v, v, c), (s, 0, c, v, 0, s), (0, 0, c, c, c, c), (v, 0, c, s, v, 0) .
be the Gram matrix of E 6 . We equip V with inner product given by the Gram matrix G(E 6 ) 4 and define the vector v = 1 3 (1, −1, 0, 1, −1, 0) ∈ R 6 . Then N (E 4 6 ) is the lattice in V generated by Z 24 and the vectors (v, 0, v, 2v) , (v, 2v, 0, v) .
We define h as follows. For N (A 
